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We study the equilibrium time correlations for the conserved fields of classical anharmonic chains
and argue that their dynamic correlator can be predicted on the basis of nonlinear fluctuating
hydrodynamics. In fact our scheme is more general and would cover also other one-dimensional
hamiltonian systems, for example classical and quantum fluids. Fluctuating hydrodynamics is a
nonlinear system of conservation laws with noise. For a single mode it is equivalent to the noisy
Burgers equation, for which explicit solutions are available. Our focus is the case of several modes.
No exact solutions have been found so far and we rely on a one-loop approximation. The resulting
mode-coupling equations have a quadratic memory kernel and describe the time evolving 3 × 3
correlator matrix of the locally conserved fields. Long time asymptotics is computed analytically and
finite time properties are obtained through a numerical simulation of the mode-coupling equations.
PACS numbers: 05.60.Cd, 05.20.Jj, 05.70.Ln, 47.10.-g
To predict the dynamic correlator of anharmonic
chains is still a theoretical challenge. In higher dimen-
sions fluctuating hydrodynamics serves as a convenient
starting point [1–3]. But, as recognized already in the
1970ies [4, 5], in one dimension, while the static corre-
lations are of short range, the dynamic current-current
correlations generically have an anomalously slow decay.
In particular the transport coefficients, required as an in-
put for fluctuating hydrodynamics, are divergent formal
expressions. There have been huge efforts, both through
theoretical investigations and numerical simulations, to
more precisely characterize this anomalous behavior ( [6–
11] for a partial list on FPU chains only, a detailed and
commented discussion of the literature can be found in
Sect. 7 of [12]). Here we argue that, in one dimension,
linear fluctuating hydrodynamics has to be extended to
a nonlinear version, which will be outlined below. Com-
pared to related contributions [13, 14], our main advance
is to treat the full system of coupled conserved modes
and to run time-dependent numerical simulations of the
respective mode-coupling equations. In our simulations
we use effective coupling constants, which are computed
exactly for the particular anharmonic chain under consid-
eration. Thereby time-resolved predictions are provided
which can be tested against molecular dynamics.
For anharmonic chains, the locally conserved fields are
elongation, momentum, and energy. Fluctuating hydro-
dynamics provides a mesoscopic description of the dy-
namics of these fields. To illustrate the general frame-
work it is instructive to first recall the simpler case of
a single conserved field, here denoted by u˜(x, t), space
x ∈ R, time t. On the macroscopic scale it satisfies the
conservation law
∂tu˜(x, t) + ∂xj(u˜(x, t)) = 0 (1)
with given current function j(u˜). We want to study
the fluctuations relative to a uniform background u, i.e.
u˜(x, t) = u+u(x, t), hence expand (1) to second order in u
and add dissipation plus noise, resulting in the Langevin
equation
∂tu+ ∂x
(
j′(u)u+ 12j
′′(u)u2 −D∂xu+ ξ
)
= 0 , (2)
where ξ(x, t) is space-time white noise of strength σ.
Since u models the deviations from uniformity, we con-
sider the mean zero, space-time stationary process u(x, t)
governed by (2). Then, at fixed time t, the spatial
statistics is white noise, 〈u(x, t)u(x′, t)〉 = χδ(x − x′),
χ = σ/2D, which reflects that the static correlations
of an underlying microscopic model decay exponentially
fast. Of particular interest is the correlator S(x, t) =
〈u(x, t)u(0, 0)〉, S(x, 0) = χδ(x). Its large scale behav-
ior will be dominated by the nonlinearity, but dissipa-
tion and noise are required to maintain the proper steady
state. Eq. (2) is the noisy Burgers equation, equivalently
the spatial derivative of the one-dimensional KPZ equa-
tion [15]. There is an exact computation of S(x, t) using
replica [16]. In particular one knows the universal long
time limit,
S(x, t) = χ(λB|t|)−2/3fKPZ
(
(λB|t|)−2/3(x− j′(u)t)
)
,
(3)
valid for large x, t with λB =
√
2χ |j′′(u)|. Because of
the nonlinearity the spreading is faster than diffusive.
Note that D,σ appear in Eq. (3) only through the static
susceptibility χ. Identical scaling properties have been
derived also for stochastic lattice gases [17, 18]. The uni-
versal scaling function fKPZ can be written in terms of
a Fredholm determinant and has been computed with
great precision [19]. Interpreting the u-field as the slope
of a moving front, Eq. (3) and related predictions have
been confirmed for growth processes in the plane, both in
experiments on slow combustions fronts [20] and on tur-
bulent liquid crystals [21] and numerically through Monte
Carlo simulations of Eden cluster growth [22].
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2To handle anharmonic chains, we have to extend the
above scheme to several components. We use α as com-
ponent index. Then Eq. (1) generalizes to
∂tu˜α + ∂xjα(~˜u) = 0 , α = 1, . . . , n , (4)
~u = (u1, . . . , un). Expanding as u˜α = uα + uα, the coef-
ficients of the linearized equation are
Aαβ(~u) =
∂jα(~u)
∂uβ
(5)
and the coefficients of the quadratic part are given by the
Hessians
Hαβγ(~u) =
∂2jα(~u)
∂uβ∂uγ
. (6)
Since the background ~u is already prescribed, we will
suppress it in our notation. For anharmonic chains the
static correlations of the conserved fields are δ-correlated
in space. More generally, rapid decay of static correla-
tions is assumed and hence, at fixed t, uα(x, t) is mod-
eled as white noise with covariance 〈uα(x, t)uβ(x′, t)〉 =
Cαβ δ(x − x′), where C is the n × n susceptibility ma-
trix with Cαβ = Cβα. As discussed in [23], C and A are
related through
AC = CAT , (7)
transpose denoted by T, which implies that A has real
eigenvalues. We use the eigenvectors of A to construct a
linear transformation in component space such that the
α-th component of the new field travels with a definite
velocity, say cα, at the linearized level. The transformed
field components are commonly called normal modes, de-
noted here by ~φ. Then ~φ = R~u with the n× n matrix R
acting in component space only. In addition we require
that initially the normal modes are statistically uncorre-
lated. Hence R has to satisfy RAR−1 = diag(c1, . . . , cn)
and RCRT = 1, where both properties together deter-
mine R uniquely up to an overall sign.
We now expand in Eq. (4) to second order in ~u, trans-
form to normal modes, and add dissipation plus noise,
resulting in the statistical field theory
∂tφα + ∂x
(
cαφα + 〈~φ|Gα~φ〉 − ∂x(D~φ)α + ξα
)
= 0 , (8)
α = 1, . . . , n, where
Gα =
n∑
α′=1
1
2Rαα′(R
−1)THα
′
R−1 . (9)
The diffusion matrix D is positive definite. ξα(x, t) is
space-time white noise with strength
〈ξα(x, t)ξβ(x′, t′)〉 = 2Dαβδ(x− x′)δ(t− t′) . (10)
As before, since ~φ models the deviation from uniformity,
we consider the mean zero, stationary process ~φ(x, t) gov-
erned by (8). In the linear case, Gα = 0, ~φ(x, t) is
a Gaussian process, which for fixed t has white noise
statistics with independent components of unit strength,
as imposed by RCRT = 1. Note that nonlinear fluctu-
ating hydrodynamics requires as microscopic input only
the average currents jα, more precisely A,H
α, and the
susceptibility C.
Coupled Langevin equations of the form (8) have been
proposed and studied before in disguise. Introducing
the height hα through ∂xhα = uα, Eq. (8) turns into
the coupled KPZ equations in one dimension, which de-
scribe dynamic roughening of directed lines [24], sedi-
menting colloidal suspensions [25, 26], stochastic lattice
gases [23, 27], and magnetohydrodynamics [28, 29]. The
application to one-dimensional Hamiltonian systems is
novel, however.
Equipped with the above frame, let us turn to an-
harmonic chains, for which purpose we first have to fig-
ure out the conserved fields and their macroscopic Euler
equations. The chain consists of N particles, position qj ,
momentum pj , j = 1, . . . , N , unit mass, and is governed
by the Hamiltonian
H =
N∑
j=1
(
1
2p
2
j + V (qj+1 − qj)
)
, (11)
where periodic boundary conditions of the form qN+1 =
q1 +L are imposed. A prototypical potential is the FPU
choice V (y) = 12y
2 + 13ay
3 + 14y
4. The locally conserved
microscopic fields are elongation rj = qj+1 − qj , mo-
mentum pj , and energy ej =
1
2p
2
j + V (rj). Following
our blueprint we collect them as the three-vector ~g with
g1(j, t) = rj(t), g2(j, t) = pj(t), and g3(j, t) = ej(t). In
a microcanonical simulation one fixes the elongation per
particle, `, as L = N`, the momentum per particle, u,
as
∑N
j=1 pj = Nu, and the energy per particle, e, as
H = Ne. Computationally, it is convenient to switch to
the canonical pressure ensemble. Then ` is conjugate to
the pressure p and the internal energy e to the inverse
temperature β. In the canonical ensemble, {rj , pj} are
independent random variables. The distribution of pj
is a Maxwellian shifted by u, and the distribution of rj
is given by Z−1 exp[−β(V (y) + py)] = 〈·〉p,β with parti-
tion function Z =
∫
dy exp[−β(V (y) + py)]. Clearly the
pressure equals the average force acting on a specified
particle. The microcanonical and canonical parameters
are related through
` = 〈y〉p,β , e = 1
2β
+ 〈V (y)〉p,β . (12)
On the hydrodynamic scale the average conserved
fields 〈gα(j, t)〉 are slowly varying and approximated by
the continuum fields u˜α(x, t), where x stands for the con-
tinuum approximation of the particle index j. From the
3microscopic conservation laws together with local equi-
librium one deduces the hydrodynamic currents
j` = −u , ju = p(`, e− 12u2) , je = up(`, e− 12u2) , (13)
which, when inserted in Eq. (4), result in the Euler hy-
drodynamics of the anharmonic chain.
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FIG. 1. (Color online) Time sequence of the numerical mode-
coupling solution, n = 1, G111 =
1
2
, rescaled by (
√
2t)2/3.
The curves are piecewise-linear due to the underlying spatial
lattice. The exact KPZ scaling function is shown in dashed
red.
Without loss of generality the equilibrium state of the
chain is taken at u = 0. The linear transformation R,
the velocities cα, and the coupling coefficients G
α are
computed in terms of at most third order cumulants in-
volving y, V (y) with average 〈·〉p,β . These integrals and
the somewhat unwieldy required substitutions are easily
performed using Mathematica. There are three modes:
the heat mode, α = 0, with velocity c0 = 0 and two
sound modes, α = ±1, with velocity cσ = σc, σ = ±1,
where c is the sound speed,
c2 = −∂`p+ p∂ep . (14)
The microscopic equilibrium time correlations of the
conserved fields in normal mode representation are de-
fined by (] signals normal mode)
S]αβ(j, t) = 〈(R~g)α(j, t)(R~g)β(0, 0)〉c , (15)
the index c standing for second cumulant. Our central
claim is that the normal mode correlations of the chain
are approximated for large x, t as
S]αβ(j, t) ' 〈φα(x, t)φβ(0, 0)〉 = S]φαβ(x, t) . (16)
This leaves us with the task to work out the correlator
S]φ for the stochastic field theory (8). With no exact
solution at hand, we rely on the mode-coupling equa-
tions in one-loop approximation. But before, since the
three modes travel with distinct velocities, they decouple
for long times and only the self-interaction proportional
to Gααα will contribute. Since generically G
1
11 6= 0, and
G111 = −G−1−1−1, the two sound modes are expected to
satisfy the KPZ scaling (3) with the substitutions χ = 1,
j′(u) = σc and λB = 2
√
2|Gσσσ|, σ = ±1. The decoupling
of modes is convincingly confirmed in a two-component
lattice gas [23]. For the heat mode our argument fails,
since G000 = 0 always. Note that for the popular case of
an even potential, V (y) = V (−y), at p = 0 also G111 = 0
implying that all three modes are non-KPZ.
The derivation of the mode-coupling equations is ex-
plained in [12]. To be concise we only display the diag-
onal approximation, for which S]αβ(x, t) ' δαβfα(x, t) is
assumed. Switching to Fourier space and adopting the
standard conventions for discrete Fourier transforms, the
mode-coupling equations then simplify to
∂tfˆα(k, t) = −i cα sin(2pik)fˆα(k, t)− 2(1− cos(2pik))
×
(
Dαfˆα(k, t) +
∫ t
0
ds Mˆαα(k, s) fˆα(k, t− s)
)
, (17)
α = 1, . . . , n, with memory kernel
Mˆαα(k, t) = 2
n∑
β,γ=1
(Gαβγ)
2
∫ 1/2
−1/2
dq fˆβ(k − q, t)fˆγ(q, t) .
(18)
Numerically we always simulate the dynamics of the full
correlator matrix. For a wide range of parameters, af-
ter some transient time the off-diagonal matrix elements
decay and are always by an order of magnitude smaller
than the diagonal ones.
The special case n = 1 is discussed already in [30],
see [31] for a first numerical integration. In Fig. 1 we
display a time sequence for a single mode with G111 =
1
2 . For t & 32 the scaled solution remains stationary.
The asymptotic scaling function differs from fKPZ by a
few percent only. On this basis we expect that such a
precision extends to several modes.
As a representative example for anharmonic chains we
choose the FPU potential with a = 2 and u = 0, p = 1,
β = 2, resulting in c = 1.455, which are commonly used
parameters in molecular dynamics simulations. V (y)+py
has a single minimum at y = −1.755. We stress that
simulations can be performed for any choice of the po-
tential and thermodynamic parameters at minimal nu-
merical efforts. With the theoretically determined ve-
locities and couplings, the mode-coupling equations are
iterated in time, using Fourier space representation as
in (17), in such a way that the values of the memory
kernel Mˆαα′(k, s) for s < t can be stored and re-used.
The time and momentum variables are discretized by a
uniform grid. In Fig. 2 the grey vertical lines at ±ct in-
dicate the predicted position of the sound mode peaks.
The off-diagonal elements of S]φ are essentially zero. In
the time sequence we display the superimposed diago-
nal normal mode correlations (area 1 under each curve).
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FIG. 2. (Color online) Time sequence of normal mode correlations for the FPU chain with a = 2, p = 1, β = 2, and u = 0 (a),
(b), (c). Magnification of the central heat mode peak (d) and the right sound mode peak (e) in suitably rescaled coordinates.
More details are provided in the blow-up. For the heat
mode peak one observes oscillations which move away
from the center and eventually die out. The tail of the
heat mode peak is cut at the location of the sound mode.
At the longest available time the sound mode peaks are
still asymmetric and have not yet reached their asymp-
totic shape.
Theoretically the scaling function for the heat mode
peak is obtained by inserting the known asymptotic form
of fˆ±1 in (18) with α = 0. Solving the then linear memory
equation (17) results in the symmetric Levy 5/3 distri-
bution, fˆ0(k, t) = exp[−|k|5/3λ0|t|] with computed non-
universal coefficient λ0. The Fourier transform of fˆ0(k, t)
is plotted as green curve in Fig. 2 (d). The Levy 5/3 dis-
tribution for the heat mode peak has been guessed ear-
lier based on the molecular dynamics of the hard-point
gas with alternating masses [32], reconfirmed in case a
maximal distance between the hard-point particles is im-
posed [33], and also for FPU chains [34]. Currently the
Levy distribution is the strongest numerical support of
nonlinear fluctuating hydrodynamics. Note that no sig-
nal propagates outside the sound cone.
Based on these and further simulations of the mode-
coupling equations for anharmonic chains, the following
qualitative picture for the motion of the normal mode
peaks in index number space emerges. The sound mode
peaks “rapidly” decay to a shape function which is cen-
tered at σct and varies on the scale t2/3. The shape func-
tion itself is still slowly varying. The couplings G0σσ de-
termine the scaling of the heat mode peak. Since only the
integral over the square of the shape function is involved,
the heat mode peak rapidly achieves its asymptotic shape
in the range {|x| ≤ ct} with a still slowly varying non-
universal constant. The intermediate time motion of the
sound mode peaks is dominated by Gσ00 and G
σ
−σ−σ. As-
suming already the validity of overall scaling picture, the
size of these finite time corrections is estimated to be of
the order t−1/15, resp. t−1/9, relative to the leading term
which signals that fKPZ is approached rather slowly. Of
course, only a qualitative guideline is presented. For the
precise dynamics all velocities and couplings have to be
taken into account.
Conclusions. We developed a nonlinear extension of
fluctuating hydrodynamics applicable to one-dimensional
systems, in principle including classical fluids, quantum
fluids [35–38], and quantum spin chains. Already at the
level of the one-loop approximation it is crucial to main-
tain the couplings between all conserved modes. As ap-
plied to anharmonic chains, the numerical solutions of
the mode-coupling equations provide a realistic picture
of the correlation dynamics and, on the limited space-
time scale simulated, are consistent with the analytical
5computations and also with molecular dynamics, as far
as available.
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